Abstract: We study stochastic programming formulations for the origindestination model in airline seat allocation under uncertainty. In particular, we focus on solving the stability issues of the traditional probabilistic model by purposefully underestimating the demands. The stochastic seat allocation models assume at least the possession of the distributional information, which is usually difficult to satisfy in a constantly changing environment. We propose a heuristic that consists of dynamically incorporating available information by solving a sequence of stochastic programming models. We show that the proposed method, named 'seat reservation (SR)', can ease most negative effects of incomplete distributional information and under some restrictive conditions, the SR will yield optimal revenue. The seat reservation method suggests that a revenue management company must (1) obtain timely results using adequately up-to-date computational facilities; (2) be conservative when allocating resources and (3) actively and continually revise previous estimations.
Introduction
Revenue management involves the application of quantitative techniques to improve profits by controlling the prices and availabilities of various products that are produced with scarce resources. The best-known and earliest revenue management application occurred in the airline industry, where the products are tickets and the resources are seats on flights. With many successful applications, revenue management has received considerable attention in the past few years from both practitioners and academics. For example, many industries (e.g., car rental, hotel, travel agencies, and automakers) are actively using revenue management methodologies to increase their operational revenues. Among these methodologies on revenue management, there are two major categories: quantity-based and price-based revenue management systems. The representative industry for quantitybased revenue management is the airline industry. Other industries, such as retail, and hotel, practice price-based revenue management. In this paper, we focus on the revenue management practice at the airline industry and our model is thus for the quantity-based seat allocation.
Airline seat allocation is commonly depicted as a sequential decision problem over a fixed time horizon in which one decides whether each request for a ticket should be accepted or rejected. A typical assumption is that one can separate the demand for individual itineraryclass pairs, i.e., that each request is from a particular class on a particular itinerary and yields a predetermined fare level. Typically, a class is determined by particular constraints that are associated with the ticket rather than the physical seat. The classic example involves customers traveling for leisure and those traveling on business. The former group typically books in advance and is more price-sensitive; the latter group behaves in the opposite way. Airline companies attempt to sell as many seats as possible to high-fare paying customers to counter the potential loss that results from unsold seats. In most cases, rejecting an early request saves the seat for a later booking, which is likely to be high-fare request; at the same time, however, that action creates the risk of flying with empty seats. On the other hand, although accepting early requests raises the percentage of occupancy, it creates the risk of rejecting a future high-fare request due to constraints on capacity. Many airline companies adopt overbooking to cancel the impact of demand uncertainty (e.g., Aydin et al. (2012) ).
There are many models to address the airline seat allocation problem and neither of them is perfect. When the customer arrival is modelled as many sequential events, the model would be dynamic and the solution of the model would be a control policy to maximise revenue. When the customer demands are modelled as aggregated lump sum by booking classes, a mathematical programming model (static allocation model or static model) will be adopted and the sequential factor of the customer arrival is ignored. The dynamic model seems to be superior in terms of performance because the static model solution is known to be sub-optimal that the method is restricted to partitioned booking limits. For example, high-fare customers' booking requests may be denied when there are still seats available for low-fare booking classes. Nevertheless, the dynamic model is less likely to be modelled by a computationally tractable operations research model. Consider a 10-period booking process for two booking classes and there is at most 1 customer request during each period per class. The overall number of outcomes of the sequence of arrivals is (2 2 ) 10 = 148, 576, which is a large number for such a small problem.
In addition to modelling techniques, the airline seat allocation problem is greatly complicated by factors such as volatile, stochastic demand for air travel, customer behaviours, and diversion of passengers to buy-up or buy-down other classes. The static model becomes promising when the customer arrival is modelled as the total number of requests per class. The sub-optimality mentioned above can be, at least partially, remedied by various nesting heuristics as a post-optimisation treatment to implement the optimal solution of the static model for the airline seat allocation. Thus, the airline companies adopt the static model in practice because, first, the static model can be easily solved and implemented for a network of flights; and second, the dual information can be extracted at no additional cost and it would be used to derive the bid prices of all booking classes.
The static model has been adopted by many airlines such as American Airline and United Airline. In particular, when the demands are modelled as random vectors, the static model becomes a stochastic programming model (or stochastic seat allocation model) which is to maximise the revenue by average. This model is not perfect as well regardless the implementation of the nesting heuristic. The stochastic programming models are fundamentally based on the assumption that the random variables' distributional information is known. However, that assumption may be overly optimistic; in reality, the distributional information feed could be either incomplete or erroneous. When the real distribution differs from the underlying distribution that was previously estimated even if we considered a minor perturbation for a mathematical programming model as low as 0.1% the consequence could be a considerably different optimal solution (see Ben-Tal and Nemirovski (1999) ). The stability issue of stochastic programming with incomplete distributional information is an important topic and very few methods have been developed to solve the stability issue in practice. The state-of-the-art of research focuses mainly on the Lipschitz property rather than developing practical methods to improve the model performance.
In this paper, we propose a heuristic to solve the stability issues of the stochastic seat allocation model. In our opinion, we need to acknowledge the fact that the existence of incomplete distributional information is common and mostly inevitable. In order to incorporate available information to the allocation planning, a sequence of estimations as well as a sequence of stochastic programs will be generated and solved. The booking policy will be updated accordingly. This idea is not new and many results have been presented to the academia. For example, Cooper (2002) and Chen and Homem-de-Mello (2010b) present the seat allocation model with periodically updating parameters. These results suggest that updating estimations will nearly always benefit the airline with higher expected revenue. In Lemke et al. (2013) , the authors suggest that the demand, sometimes, can be forecasted in an evolving way.
The managerial implication of this heuristic is straightforward. Given the fact that the underlying distribution is different from the real distribution, the optimal solution with the underlying distribution may not be optimal in reality. We need to revise our seat allocation with information becoming available. If we can assume that our estimation of the underlying distribution eventually converges weakly to the real distribution, the allocation plan will converge to the true optimal. Of course, this assumption appears to be overly optimistic because the number of available seats is another contributing factor to the optimal solution. As the booking moves forward, the number of available seats may drop to a level by which the stochastic allocation model may never be optimal even if the demand estimation is correct.
Our heuristic mainly focuses on the effective control on the number of available seats because the updated estimations regarding the distributional parameters could be continuously re-estimated as more information becomes available. The later estimations are imposed with less randomness and thereby are expected to be more accurate. The number of available seats, however, are exposed to more uncertainties. For example, the entire coach class tickets may be sold out over night if there is an unexpected demand hike of low-fare classes and it may lead to the potential risk of losing high-fare class sales. Thus, instead of allocating all the resources once, our heuristic allocates seats to booking classes gradually and continually revise previous estimation. Because of this main focus, we name this method, seat reservation (SR) for the seat allocations with incomplete distributional information.
The airline seat allocation can be assumed to be risk-neutral because the airline needs to decide thousands of times per day whether or not to accept or reject customer booking requests. The objective is to manage the opening and closing of discount fare classes in such a way that the expected revenues are maximised (see Talluri and Van Ryzin (2005) ). Thus, in this paper, we focus on the stochastic programming with a risk-neutral objective. There are exceptions. For example in Huang and Chang (2011) and Graf and Kimms (2011) , the authors propose an alternative model by integrating risk to the seat allocation model. In Zhuang and Li (2011) , the authors present a risk-averse model for a specific utility function. In practice, the non-airline companies may be more interested in a risk-averse revenue management model. In Ferrer et al. (2012) , the authors suggest that the risk-averse model would play a central role in the retailing industry. When the objective is mean-variance (MV) based risk-averse, our SR heuristic will still function as expected.
The core contribution of this paper is a computationally tractable heuristic to tackle the stability issue of the stochastic programming for the airline revenue management. The idea of the SR heuristic is consistent with the common sense, "save for a rainy day". When the future is uncertain, we'd better to reserve resources for unexpected events. For the airline seat allocation, it is wise to reserve a certain amount of seats for ever-existing estimation errors rather than allocating all the seats at the beginning. At the same time, updating previous estimates would be actively pursued. The rest of the paper is organised as follows: In Section 2, we introduce the notation and describe stochastic models for the seat allocation problem. The SR heuristic is presented in detail and we also discuss the risk-averse model for the companies outside the airline industry in Section 3. We present the numerical results in Section 4. Concluding remarks are presented in Section 5.
Seat allocation methods
Following standard models in the literature, we consider a network of flights involving p booking classes of customers. The model can represent demand for a network of flights that depart on a particular date. Each customer requests one out of n possible itineraries, so we have r := np itinerary-fare class combinations. The booking process is realised over a time horizon of length τ indexed by t. When t is discrete, t ∈ {1, 2, . . . , τ } and when t is continuous, we have t ∈ [0, τ ]. Let {N jk (t)} denote the booking process generated by the arrivals of class-k customers who request itinerary j. Typical cases in the revenue management literature are
• {N jk (t)} is a (possibly non-homogeneous) Poisson process
• there is at most one unit of demand per time period. We assume that arrival processes corresponding to different pairs (j, k) are independent of each other.
The demand for itinerary-class (j, k) over the entire horizon is denoted by ξ jk (i.e., ξ jk = N jk (τ )) and we denote by ξ the whole vector (ξ jk ). 
Stochastic programming model
When the random demand ξ is in a probability space (Ω, F, P) where Ω is the sample space and P is the underlying distribution of ξ with finite support, we need to make the following assumptions to ensure that the stochastic models is well-defined.
A The feasible region, X := {x : Ax ≤ c, x ∈ R r + }, is not empty B The available resource vector c is deterministic and completely known.
The resulting stochastic allocation model is formulated into the stochastic programming with recourse as follows: 
Review of the stability results of stochastic programming
In the real-world airline seat allocation problem, the underlying distribution of model (SLP) may be different from the real distribution due to the error of the estimation. In other words, model (SLP) is solved with underlying probability measure P while the real distribution is Q. Consequently, the optimal solution obtained may be different from the true optimal solution. This problem is named the stability issue of the stochastic programming. In the literature, this problem is called the 'quantitative stability' which is usually studied by the probabilistic metric method. The quantitative stability refers primarily to continuity properties of the optimal objective value and a suitable distance (e.g., ζ-structure distance in Romisch and Schultz (1993) and Rachev and Römisch (2002) ) between the underlying and real probability measures, e.g., ζ-structure distance, which is defined as follows:
where g is a measurable function in F and ξ ∈ (Ω, F, ·). In the remaining part of the paper, we use "dist(P, Q)" to represent the distance without differentiating the probabilistic metric being applied. We have the following result:
Theorem 1: Let assumptions 2.1 and 2.1 be satisfied, then there exists a constant L > 0 such that
where ν * (·) represents the optimal value of equation (SLP) under corresponding distributions P and Q, respectively.
Proof: Please refer to (Ruszczynski and Shapiro, 2003, Chapter 8) .
Let X * (P) and X * (Q) be the sets of optimal solutions of equation (SLP) under the distributions P and Q, respectively. By Rockafellar and Wets (1998) , we have the following theorem:
Theorem 2: Let assumptions 2.1 to 2.1 be satisfied and dist(P, Q) < ∞, there exists a constantL such that
where B is an Euclidean unit ball.
Essentially, Theorems 1 and 2 show that the gap between two corresponding optimal values is bounded by two probability distributions' distance adjusted by a Lipschitz constant. Despite the promising theoretical results, the quantitative stability has quite limited impact in practice for two reasons. First, the real distribution Q is not available until it is revealed. Second, the Lipschitz constant is extremely difficult to evaluate, thereby constructing a tight bound becomes hardly possible. Under some restrictive assumptions, a stochastic programming without perfect estimation on demands may still deliver a satisfactory performance that is close to the true optimal. To achieve such a goal, we need to dynamically incorporate available information to actively and continually revise the previous estimations and update the seat allocation plan. This idea is fundamentally backed by the following well known results in Nemirovski et al. (2009) 
Definition 1: Let {t s } be the infinite sequence of time spots in [0, τ ]. The weak convergence of the sequence of probability measures {P ts } to Q means that for any bounded continuous function g : R r → R, we have
The weak convergence will hold if and only if the sequence of probability distribution functions of P ts converges pointwise to the distribution function F Q of Q at all continuity points of F Q .
Theorem 3: Let {P ts } be a sequence of distributions that is weakly convergent to Q. Then the sequence {ν * (P ts )} converges to {ν * (Q)}; and
when F is uniformly integrable with respect to {P ts }.
Our SR heuristic is derived from the above theorem. During a booking horizon [0, τ ], we revisit our previous estimations at s time points t 1 , . . . , t s such that t 1 ≤ . . . ≤ t s . Let ℓ be the index of s such that ℓ = 1, 2, . . . , s. At the time point t ℓ , information prior to t ℓ has been observed and we can forwardly incorporate it to pursue better estimations. Each 'estimation', P t ℓ at time t ℓ , is for the entire booking horizon even if the randomness prior to time t ℓ has been revealed. Consider two successive estimations P t ℓ and P t ℓ+1 , we always have,
If we assume that the sequence of gradually improving estimations {P t ℓ } is weakly convergent to the real distribution Q, by applying Theorem 3, the sequence of optimal values of model (SLP) will converge to ν * (Q). The sequence of optimal solutions of models (SLP) will become closer to the true optimal solution as well. If the seat allocation decisions were not irrevocable, then the optimal values obtained from continually improving estimations converge to the performances of revenue management models. In practice, when a 'better' and later estimation is obtained, the company tends to update the seat allocation plan to pursue better performance rather than sticking to the obsolete plans.
However, there is a problem of updating the seat allocation plan with newly acquired information. For some booking classes, their allocations have been heavily sold so that the updated allocation plan cannot be exercised. For example, a booking class has 5 seats allocated according to the past estimation. The demand of this booking class happened to be stronger that all 5 seats were sold prior to next update. With a better estimation, the previous seat allocation plan is revised to be 3 seats. Obviously, the updated seat allocation plan will not be carried out. Thus, in order to pursue the best booking performance, the airline needs to avoid over-allocating seats which is usually caused by either underestimation or overestimation of demands.
Overestimation and underestimation
Let ξ P be the underlying distribution from the probability space (Ω, F, P) while the real distribution is ξ Q on the probability space (Ω, F, Q). P is the underlying distribution from estimation, and Q is the real distribution.
Let ν * (P) and ν * (Q) denote the optimal values; x * (P) and x * (Q) represent any optimal solutions of equation (SLP) under distributions P and Q, respectively. We pose the following proposition:
Proposition 4: The overestimation (underestimation) will lead to ν
Proof: Suppose that the company overestimates ξ Q by ξ P . Since Q(x, ξ Q ) is a concave and non-decreasing function with respect to ξ Q , for every feasible x of equation (SLP), we have
Proposition 4 illustrates an illusory projection on revenue when demands are either overestimated or underestimated. This result is consistent with the observation that when the airline overestimates (underestimates) the demands, the profit expectation will be accordingly greater (less). In this paper, we are concerned with the performance of revenue management system, i.e., f
, the expected total revenue in reality. The optimal value ν * (P) is not the real revenue but a wrongly projected revenue with underlying distribution P. With the real distribution Q, neither performance under overestimation or underestimation will outperform the optimal value of ν * (Q) because, by the definition of x * (Q):
(2.7)
We identify a tendency that overestimation (underestimation) implies
for high-fare booking classes. To show this tendency, consider an extreme case that none of the capacity constraints Ax ≤ c is tight,
) is true for all the booking classes. This is because that when the seat capacity constraints are not tight, equation (SLP) becomes a unconstrained optimisation problem within the neighbourhood of the optimal solution. Since the objective of equation (SLP) is concave and non-decreasing with respect to x, we have x * (P) ≥ x * (Q). Even if some capacity constraint(s) is tight, such a tendency may be true for high-fare class allocations that is much more important than the low-fare class allocations in terms of the revenue generation (see Talluri and Van Ryzin (1998) 
, we call this decision for seat allocation among multiple booking classes the over-allocation plan (underallocation plan) .
The heuristic in the next section, the SR method, will focus on how to minimise the chance of an over-allocation plan. Although over-allocation plans and under-allocation plans both contribute to the sub-optimality, an over-allocation plan may lead to over sell to the customers of some booking classes who tends to pay less and book earlier. We are less concerned with the under-allocation plan because it will be easily revisited by re-solving equation (SLP) with the best estimation available. The revisit of the seat allocation will be efficiently solved and the computational cost of each revisit per se is nearly negligible.
The seat reservation method
In this section, we propose a heuristic named 'seat reservation (SR)' to address the stability issue of the mathematical programming models for airline seat allocation under uncertainty. By utilising the SR method, we are able to determine the time to start rejecting booking requests adaptively; to establish the connections; and more importantly, to justify the optimality from the theoretical aspect.
The goal of the SR method is to pursue close-to-optimal seat allocation model performance with incomplete distributional information. To pursue this goal, we must first investigate the causes of sub-optimality. According to the analysis in Section 2.3, if we relax the capacity constraints, the company tends to allocate more seats when overestimating, or, to allocate fewer seats when underestimating. When the company is over-allocating for low-fare booking classes and the demands from those booking classes are indeed stronger than expected, the company sells seats that should have been allocated for high-fare classes. Likewise, when the company is under-allocating resources to high-fare booking classes and the high-fare class demands happen to be stronger, the company must immediately revise the allocation plan to avoid any loss of high-fare customers. Therefore, over-allocating resources should be avoided at all costs because the company may sell seats earlier than it should and because less flexibility exists to avoid later regret. It is fair to say that overallocating to low-fare classes always leads to poor booking performances under incomplete distributional information.
In comparison to the over-allocation plan, the under-allocation plan is actually a good choice. Consider a company that underestimates the demand entirely. There will be a tendency to allocate fewer seats to certain booking classes and that may lead to early rejections. Rather than simply rejecting the customer requests from certain booking classes, the company may update the seat allocation plan based on a 'better' estimation. As long as the updates on the distributional information and its corresponding seat allocation plan are calculated within a timely manner, the customers may be unaware of the existence of such updates. If the updated allocation plan adjusts the number of seats for certain booking classes, a rejection can either be avoided or confirmed. Thus, a company would completely avoid over-allocation to low-fare customers by purposefully underestimating demands by a fixed percentage θ ∈ (0, 1). Whenever a rejection is about to happen, the company will collect newly emerging information to adjust the allocation plan if necessary. Based on the idea of those purposeful underestimations, we propose the SR method as the solution to the stability issue of airline seat allocation.
There are three major components for the SR heuristic. First, the distributional information must be actively, continually, and quickly updated. In the literature of airline revenue management, the uncertain demands are overwhelmingly modelled as a nonhomogeneous Poisson random vector. To update ξ Pt ℓ at time t ℓ , we only need to partially revise the arrival rates for all the booking classes. The update on demand distribution will be partial because the demand up to t ℓ has been realised and becomes deterministic. The update will mainly focus on the uncertain demand from t ℓ to τ and the adjustment on arrival rates per se, is rather straightforward and simple. Second, the SR heuristic must justify the closeness of obtained optimal solution to the true optimal, at least with restrictive assumptions. This component is mainly based on Definition 1 and Theorem 3. We need to assume the sequence of estimations, {P t ℓ }, ℓ = 1, . . . , s, which weakly converges to the real distribution Q as s → ∞. That is, the sequence of probability distribution functions of P t ℓ converges pointwise to the distribution function F Q of Q at all continuity points of F Q . Third, it requires to solve the model (SLP) within a timely manner. This component is less of a concern because there are many algorithms and software packages to solve large scale stochastic programming.
Discussion on seat reservation
We now present the SR heuristic. We outline the SR heuristic into two phases: the phase to avoid rejections for all booking classes (Phase I in a short form) and the phase to avoid rejections for high-fare booking classes (Phase II in a short form).
Phase I of the seat reservation
By Belobaba and Weatherford (1996) , low-fare customers tend to book earlier. Although it is true that the low-fare customers contribute less revenue comparing with the high-fare customers, the airline company will be reluctant to reject customers at the early booking as long as there is no over-allocation to the low-fare booking classes. Thus, it is critical to identify over-allocation to low-fare booking classes.
We avoid over-allocation to low-fare classes with the following procedure. Suppose the airline company update its demand estimation at time t 1 , . . . , t ℓ , . . . , t s with distributions P t1 , . . . , P ts and the real distribution is Q. Let ξ t ℓ represent the realised demand till time t ℓ and let ∆ξ t ℓ := ξ t ℓ +1 − ξ t ℓ which means the demand between time points t ℓ and t ℓ+1 . The number of booking requests that are received from 0 to t ℓ is y t ℓ ∈ R r . Consider the (ℓ − 1) th estimate of demand for the entire booking horizon would be P t ℓ−1 at time t ℓ−1 and the current optimal seat allocation would be x * (P t ℓ−1 ). If the airline company does not allow any rejection to occur up to time t ℓ , the following condition should be satisfied
Definition 3: Let t l be the earliest time point in [0, τ ] such that y t l x * (P t l )} which indicates that rejections are required.
There will be rejections and it is unrealistic to avoid any rejection for all the booking classes. The rejections for certain booking classes might happen when the amount of seats is sold out. Thus, the booking horizon would be divided into two phases. The phase I is [0, t l ) in which no rejection to any booking class is necessary. The phase II is [t l , τ ] and only highfare rejections are closely monitored. We must remark that the value of t l is determined by the sample path rather than pre-determined.
In order to avoid over-allocation to low-fare classes, we need a predetermined parameter θ ∈ [0, 1] and we solve model (SLP) with demands ξ and θξ to obtain two optimal solutions x * (P t ℓ−1 ) and
Consider any time t ℓ in the phase I. If we have
all booking requests will be honored. However, if equation (3.1) fails at time t ℓ , we need to update the underlying distribution of ξ to P t ℓ . Then we test the following condition
If equation (3.2) is satisfied, it indicates that the airline company adjusts the previous seat allocation to avoid any rejection by updating demand estimates. Otherwise, the phase I booking is over. During the rejection-free phase I, we still frequently update seat allocations until the time t l which indicates the end of phase I and rejections to low-fare classes would be necessary. The phase I SR can be summarised as follows.
Step 1-1. Choose θ > 0 for the phase I.
Step 1-2. Let ℓ = 1 and estimate the distribution of ξ as P t ℓ .
Step 1-3. Solve model (SLP) with demands ξ and θξ to obtain two optimal solutions x * (P t ℓ ) and
Step 1-4. Let min{x * θ (P t ℓ ), x * (P t ℓ )} > 0 be the seat allocation plan and continue booking until an incoming booking request is placed on a booking class with zero seats left. Then let ℓ := ℓ + 1 and update P t ℓ . If t ℓ = τ , terminate booking and exit.
Step 1-5. Solve model (SLP) with updated distribution P t ℓ to obtain two optimal solutions x * (P t ℓ ) and x * θ (P t ℓ ). If the updated seat allocation still suggests reject certain booking request(s), then we terminate the phase I SR procedure and move into the phase II seat reservation procedure. Otherwise, go to Step 1-4.
Phase II of the seat reservation
The termination of phase I indicates that some rejections need to be made and the airline company tends to do it at the low-fare booking classes mostly. We use z t ℓ ∈ R r to represent the number of rejections in the phase II up to time t ℓ . Let H represent the set of the high-fare booking classes. We define a vector H = [h 11 ; . . . ; h jk ; . . . ; h np ] ′ ∈ R np where h jk ∈ {0, 1} indicates whether class k customer in itinerary j is high-fare. We define the operator "·" for two vectors a,
Thus, the number of high-fare booking requests up to time t ℓ ∈ [t l , τ ] is denoted as y t ℓ · H. At phase II, the airline company focuses on the sales of high-fare customers. Since rejections of low-fare classes are inevitable in phase II, the goal of seat allocation is to reserve seats for the high-fare customers by mostly rejecting low-fare customers. Once a rejection to high-fare customer is about to be made, the airline company will update its allocation policy to either adjust the allocation to avoid such a rejection or confirm that such a rejection is necessary. In order to control the risk of over-allocation to low-fare classes, at phase II, the parameter θ ∈ [0, 1] inherited from the phase I will be used to purposefully underestimate the demands of high-fare classes. The number of booking requests is y t ℓ and the current allocation plan is min{x * (P t ℓ−1 ), x * θ (P t ℓ−1 )}. This allocation plan is acquired by solving model (SLP) with demands ξ and θξ to obtain two optimal solutions x * (P t ℓ−1 ) and
We will continue booking as long as the following condition is satisfied.
When equation (3.3) fails, it indicates that a rejection is about to be made. The airline company will update the estimate of ξ's distribution to P t ℓ to see if
is satisfied. When equation (3.4) is satisfied, it indicates that the airline adjusts previous seat allocation by allocating more seats to high-fare classes. Otherwise, this rejection on a high-fare booking class is necessary due to the very low available inventory level. The rejections are more likely to happen to the low-fare booking classes at first and at the very end of booking, rejections of some high-fare booking classes are likely regardless how often we update the estimation of demands. The phase II seat reservation procedure is outlined as follows.
Step 2-1. Formulate equation (SLP) and define the set of the high-fare booking classes H.
Step 2-2. Solve model (SLP) with demands ξ and θξ to obtain two optimal solutions
Step 2-3. Let min{x * θ (P i ), x * (P i )} > 0 be the seat allocation plan and continue booking until an incoming booking request is placed on a booking class with zero seats left. Then let ℓ := ℓ + 1 and update P t ℓ . If t ℓ = τ , terminate booking and exit.
Step 2-4. Solve model (SLP) with updated distribution P t ℓ to obtain two optimal solutions x * (P t ℓ ) and x * θ (P t ℓ ). If the updated seat allocation still suggests reject certain booking request(s), then we confirm the rejection of pending and upcoming booking requests associated with certain booking classes and go to Step 2-2. Otherwise, go to Step 2-3.
We discuss the practical perspective of the SR heuristic as a solution to the stability issue of seat allocation systems. Beyond the technical argument about the optimality, we find that the proposed SR method suggests three most important capabilities for the revenue management system with incomplete distributional information: conservative decisions, active and continual improvement on estimations, and an adequately up-to-date computational facility.
When the revenue management company encounters incomplete or erroneous information, any decision about the seat allocation should be made gradually. Otherwise, there will be very limited flexibility for the company to make high-fare sales. Each potential rejection for all booking classes in phase I and each potential rejection for high-fare classes will trigger the event of revising the previous estimation and updating allocation plans accordingly. Every potential rejection, in particular every high-fare booking request, will have a second chance, although the customer may not be aware of it. Being conservative about rejections and seat allocation will buy some time to obtain 'better' estimation and yield more mature decisions about rejections.
The company must have an adequately up-to-date computational facility to support the idea of conservative decision. According to the SR heuristic, the company must revise previous estimations and repeatedly solve large-scale stochastic programs with different distributions. For every potential rejection, the events of revising the previous estimation and updating the seat allocation plan should be completed in a timely manner to avoid the perception by the customer of a long delay.
The company must actively and continually revise the previous estimation to update the allocation plan. In our opinion, that is the essence of the SR heuristic. Without revising the estimation, we can not apply Theorem 3 to justify the optimality of SR heuristic. We will show that simply resolving the stochastic program without revising previous estimation will not necessarily benefit the booking process.
Example 1: Consider a single leg booking with two booking classes, business and leisure and 10 seats. The fares are $300 and $100 for business and leisure customers respectively. The demands for both classes are [4; 8] with probability one. If we divide the booking horizon into two sub-periods, the underlying distribution for customer demands is [2; 4] with probability one for each sub-period. Thus, the optimal solution will be to allocate 4 seats for business customers and the remaining 6 seats for leisure customers, with the total revenue at 4 × $300 + 6 × $100 = $1800 (3.5)
which is the revenue without re-solving. However, the company encounters incomplete distributional information. For the first sub-period, the realised demands are [3; 4] and the second sub-period has a demand of [1; 4]. When we re-solve the model at the starting point of the second sub-period, we have 3 seats left with an underlying distribution of [2; 4] with probability one. Thus, the revised allocation becomes [2; 1] and thereby the total revenue becomes 3 × $300 + 4 × $100 + 1 × $300 + 1 × $100 = $1700 (3.6)
Comparing to the non-resolving method, the re-solving method costs an additional $100. For a mid-scale problem, we present the numerical evidence in Section 4 to show that the re-solving method, without accurate distributional information, indeed backfires the model performance.
Risk-averse objective
In general, the stochastic programming model for the airline revenue management is riskneutral (see Talluri and Van Ryzin (2005) ) because of the scale of operation and the volume of daily demands. For some quantity-based revenue management systems, such as car rental and hotel, the companies may have their own risk preferences that are overwhelmingly riskaverse. The customers in these industries can still belong to many booking classes which pay fares at different levels. The state-of-the-art research on the risk-averse seat allocation models is in Levin et al. (2008) . In this research, we adopt the MV objective as follows:
where γ > 0 is a parameter that indicates risk attitude. We choose the MV risk-averse objective for two major practical benefits. First, the MV objective is implementable because it requires only two moments that can be easily estimated. Second, this model is useful in the sense that the MV objective corresponds to a CARA utility function with normal noise. Regardless, the company may although very unlikely for revenue management companies use a non-monetary utility (see Van Mieghem (2007) ).
The MV objective is only piecewise concave; it is not concave with respect to x (see Ahmed (2006) ). Consequently, equation (SLP-MV) is not a convex optimisation model, and the optimal solution obtained might be only local optimal. Nevertheless, when the following condition is satisfied, the MV objective in equation (SLP-MV) is indeed concave. (For technical detail, we refer readers to Ruszczynski and Shapiro (2003) , Chapter 1).
If the Assumption 1 is satisfied for every x such that Ax ≤ c, model (SLP-MV) has a concave objective and its optimal solution is global. Furthermore, we pose the following proposition:
Proposition 5: When the company becomes more risk-averse, the optimal solution and optimal value decrease with respect to an increasing γ.
Proof: Given ∀ γ 1 , γ 2 , such that γ 2 > γ 1 ≥ 0. Let U (x; γ 1 ) and U (x; γ 2 ) be the objectives of equation (SLP-MV) with parameter γ 1 and γ 2 , respectively. As previously discussed, E[Q(x, ξ)] and E[Q(x,ξ)] are non-differentiable, we need the sub-gradient argument which is mainly about the set operation. Without loss of generality, we assume E[Q(x, ξ)] and E[Q(x,ξ)] differentiable for the sake of concise writing. Thus,
where E[cov ( ∂Q(x, ξ) ∂x , Q(x, ξ) )] ≥ 0 is obtained from Theorem 236 of Hardy et al. (1964) .
This proposition demonstrates the fact that, as the company becomes more risk-averse, the optimal solution and optimal value will decrease in comparison to the risk-neutral counterparts. For a risk-averse revenue management company, we can replace the model (SLP) by equation (SLP-MV) in Steps 1 and 2 for the risk-averse version of SR heuristic. Let ν * M V (P) and ν * M V (Q) denote the optimal values; x * M V (P) and x * M V (Q) denote the optimal solutions of equation (SLP-MV) under distributions P and Q respectively. When we assume that the sequence of gradually improving estimations {P t ℓ } is weakly convergent to the real distribution Q, by applying Theorem 3, the sequence of optimal values of model (SLP-MV) will converge to the true optimal solution, ν * M V (Q). The sequence of optimal solutions of model (SLP-MV) will become closer to the true optimal solutions of risk-averse model as well. We still use θ ∈ [0, 1] to purposefully underestimate demands. In the phase I, we continue booking when the following condition is satisfied.
where
. Otherwise, we need to update the estimates and test the following condition
If the rejection is confirmed, then the phase I is over. In phase II, we continue booking under the condition
If any high-fare rejection is about to happen, we update the estimate to either confirm the rejection or adjust the allocation plan. We adjust the allocation to avoid rejecting high-fare booking requests if the following is satisfied.
If equation (3.8) fails, we confirm the high-fare rejection for certain booking class. In addition, for risk-averse models, when overestimation (underestimation) occurs, equation (SLP-MV) tends to allocate more (fewer) seats in comparison to the true optimal solution. This tendency for the risk-averse model is consistent with the result of the riskneutral model because those results are developed from generic stochastic programs with convex objectives regardless the risk measure adopted.
Numerical study
In this section we describe the results from numerical experiments performed with the SR heuristic. Although our dataset was randomly generated, we tried to mimic real data as much as possible. To do so, we imposed the following features, which according to Belobaba and Weatherford (1996) are characteristic of actual booking processes. They are
• uncertain but limited number of potential customers
• uncertain mix of high or low-fare customers
• uncertain order of arrivals
• high-fare customers tend to arrive after the low-fare ones.
We use the same examples in Chen and Homem-de-Mello (2010b) , and of course, we demonstrate that with incomplete distributional information, the proposed SR heuristic will numerically outperform traditional stochastic programs.
Example 2: This example is a 10-leg network described in Figure 1 . This network is similar to the spoke-and-hub network structure in practical operations for major airlines. We consider all flights to/from the hub from/to each city, as well as the flight between two cities connecting at the hub. Therefore, there are 30 possible itineraries in the network. There are two booking classes for each flight, with the proportion of 1:3 between high and low-fare classes in terms of total requests. Following Liu and Van Ryzin (2011) , we model the booking process of the underlying distribution P i by a doubly stochastic non-homogeneous Poisson process, where the arrival intensity at time t has a gamma distribution. More specifically, for each itinerary j let λ j1 (t) and λ j2 (t) be the arrival intensity of respectively high-fare and low-fare customers at time t. Denote by α j > 0 the expected total number of requests for itinerary j over the booking horizon (i.e., for both classes together). Let G j be a random variable with gamma distribution with shape parameter α j and scale parameter β ′ = 1 (That is, the density function of
We define λ jk (t), k = 1, 2 as 
The parameters ψ 1 , ψ 2 are set with the goal of reflecting the proportion of arrivals for high and low-fare customers. We take this proportion to be 1:3 in all the itineraries, so we set ψ 1 = 0.25 and ψ 2 = 0.75. Notice that for each t, λ jk (t) has gamma distribution with shape parameter α j and scale parameter β jk (t)ψ k . In particular, E[λ jk ] = α j β jk (t)ψ k , and hence the total expected number of arrivals for itinerary j is
which is consistent with our definition of α j .
The parameters β jk (t) are selected to reflect the arrival patterns of different classes. High-fare customers tend to arrive close to the end of the booking horizon, whereas low-fare customers usually appear early in the booking process. To model that, we set a j1 > b j1 , and a j2 < b j2 . In our example we used a jk , b jk ∈ {2, 6} for all j, k. From Figure 1 , we see that there are 10 one-leg and 20 two-leg itineraries. For two-leg itineraries, we set the total expected number of requests equal to 100, that is a j = 100. The high and low fares are f j1 = $500 and f j2 = $100, respectively. For one-leg itineraries, we set the underlying expected total number of requests equal to 40, that is α j = 40, with the high and low fares set as f j1 = $300 and f j2 = $80, respectively. All legs in the network have capacity equal to 400, and the booking horizon has a length of τ = 1, 000 time units.
Example 3: This example is depicted in Figure 2 , which reflects a typical class of itinerary for passengers in practice. Again, we consider two classes for each itinerary. Notice that there are 10 one-leg, 12 two-leg, and 8 three-leg itineraries. The expected number of requests is 60, 150, and 100, respectively. The fare levels for different types of itineraries are set as ($300, $80), ($500, $100), and ($700, $200). The parameters a jk , b jk , ψ 1 and ψ 2 as well as the horizon length are the same as in the first example. The leg capacities are 400 for the arcs connecting the hubs with the satellite nodes and 1,000 for the arcs connecting the two hubs. The most important part of these two numerical experiments is the performance of the SR heuristic with incomplete distributional information. In these experiments, we model the customer arrival as the Poisson process with incomplete distributional information as follows.
Case A. Changing the nominal λ j1 (t), λ j2 (t) by randomly perturbing ±25%.
Case B. Changing the nominal λ j1 (t), λ j2 (t) by randomly perturbing ±50%.
Case C. Unexpected high demand levels λ j1 (t), λ j2 (t) by 300% on certain booking classes.
We denote the realised arrival rates byλ j1 (t) andλ j1 (t).
The SR heuristic will partially allocate seats and learn the realised distributional information simultaneously. In the numerical experiment, we define a parameter 1 ≥ β(t) > 0, t = 0, . . . , τ as a measure of the gradual learning on the realised distribution Q such that β(0) = 0, β(τ ) = 1. During the simulation, we use λ ij (t) + β(t)[λ ij (t) − λ ij (t)] in models (SLP) and (SLP-MV) for the revised allocation plan. We model the learning by
which means that our knowledge on the perturbation increases linearly and for t ≥ 801, our estimation coincides with the realised distribution Q, i.e., β(t) = 1. We model the company's conservative seat allocation plan by fixing θ throughout the entire booking horizon. θ < 1 means that the company is purposefully underestimating the demand. We present the summaries in Tables 1 and 2 with the following abbreviations: RSP-2-resolving stochastic models twice at time points 1 and 501; RSP-5-resolving stochastic models five times at time points 1, 201, 401, 601, 801; SRI-Improvements in terms of expected total revenue by SR heuristic; SR -seat reservation.
In both examples, the SR heuristic outperforms the re-solving stochastic models and the improvement could be as good as 9% (when 1.5λ j1 (t), 1.5λ j2 (t)). Considering the scale of airline daily operation, the resulting savings on revenue should be in the scale of millions of dollars. In particular, when the high-fare customer demands are strong, the SR heuristic will yield more revenue because it dynamically releases seats to revisit the previously made allocations with more information revealed, thereby better estimations. We use the COIN-OR (see http://www.coin-or.org) solver. programs without updating the demand estimation. Similar results about stochastic seat allocation system can be found in Maglaras and Meissner (2006) .
Conclusions
We have discussed the airline booking process based on the origin-destination model with incomplete distributional information. More specifically, we have presented a heuristic, the SR heuristic, to reduce the risk whenever wrong estimations or erroneous information are encountered. Our proposed SR heuristic is to adaptively incorporate available information into the seat allocation plan. By continually revising the previous estimations and incorporate more available information, we formulate a sequence of distributions which is assumed to be weakly convergent to the true distribution. Moreover, we found that the revenue management generated from SR method could coincides with the true optimal value. Thus, by applying Theorem 3, we conclude that the SR heuristic will provide a satisfactory solution that can be arbitrarily close to the true optimal value. Beyond the theoretical analysis, the proposed SR heuristic not only improves the model performance in terms of total expected revenue but also provides the insightful thoughts. In particular, the SR heuristic suggests three important components for the revenue management company: the conservative decision, the active and continual revisions on estimations, and an adequately up-to-date computational facility.
Our analysis suggests that the proposed method is robust in the sense that solving successive stochastic models with updated estimations can not only improve the expected revenue, but also greatly reduce the risk associated with incomplete distributional information. We discuss the SR heuristic both for risk-neutral and risk-averse companies by the well-known MV risk objective. The consistency between the results from riskneutral and risk-averse models indicates that our SR heuristic can be extended to other quantity-based revenue management systems with different risk attitude. In addition, we show that both of the revenue management models are convex optimisation models under mild assumptions. Thus, the SR heuristic for both risk-neutral and risk-averse companies, which formulates a sequence of convex optimisations, can be solved efficiently in a timely manner, both practically and theoretically. For example, with an adequately up-to-date computational facility, the customers who place requests during the events of revising estimation and updates allocation plan, are less likely to perceive such a delay caused by computation.
We must remark that we have not included in our models some of the recent developments proposed in the literature, e.g., nesting of classes and the customer choice model. There are two basic reasons for our decision. First, incorporation of the above features leads to different models that lie outside of the scope of this paper due to the potential loss of convexity by the simulation based methods (see Bertsimas and de Boer (2005) ) and the customer choice models (see Chen and Homem-de-Mello (2010a) ). Second, our conversations with people in the airline industry have shown us that the basic origindestination model, particularly the deterministic linear programming formulation, is widely used in practice with the nesting operation. Thus, our goal is to provide the practitioners an easily implementable algorithm that can improve the booking process in terms of lower risk, i.e., variation and greater expected revenue. Again, our theoretical discussion and numerical results show that the SR heuristic proposed in this paper will soundly accomplish the goal.
